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1 Introduction

The aim of our M2 course proposal is to illustrate the ways in which topological, geometric, analytic and algebraic
approaches complement each other and naturally shed light on the study of varieties, analytical and algebraic approaches
naturally complement and illuminate each other in the study of varieties. In particular, the aim of this unit is to provide
an introduction to the various aspects (topological, geometric, analytic, algebraic) of varieties, analytic, algebraic) of
complex varieties.

An large part will be devoted to the study of complex curves and therefore of Riemann surfaces, a rich and central notion
in many fields of mathematics. Riemann surfaces, a rich and central concept in many very active areas of research.
Additionally, we will study the different geometries that give a topological surface the structure of a Riemann surface, as
well as the invariants of Riemann surfaces. topological surface, as well as the associated analytic invariants. We will also
study the cohomology with applications such as the Riemann-Roch theorem.
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Complex varieties (smooth or singular) are very rich geometric objects that can be studied from both analytical and
algebraic points of view. We will begin by introducing complex varieties of arbitrary dimension and the basic tools
needed to study them. In the second part of the course we look in more detail at the case of algebraic curves (or Riemann
surfaces).

2.1 Part 1: Complex Varieties

— Holomorphic functions in several variables

— Analytic sets in C™

— Smooth complex varieties, projective varieties, (holomorphic) vector fibres

— differential forms and forms of type (p, q), Dolbeault and de Rham cohomology - Riemann-
Roch theorem on a compact Riemann surface

2.2 Part 2: Riemann Surfaces

— Definition. Complex varieties of dimension 1. Fundamental examples: complex plane, upper half-plane,
Riemann sphere. Elliptic curves.

— Algebraic curves and associated Riemann surfaces. Riemann surface associated with an analytic function.
Example of log.

— Riemann surfaces obtained as quotients by a discrete group of automorphisms. Molecular group.
Modular surface.

— Riemannian metrics on surfaces. Conformal transformations. Hyperbolic geometry.

— Isothermal coordinate theorem. Uniformity theorem. Consequences.
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